
Calculating activation energy of amorphous phase
with the Lambert W function

Lunyong Zhang Æ Dawei Xing Æ Jianfei Sun

Received: 16 October 2008 / Accepted: 17 June 2009 / Published online: 21 July 2009
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Abstract A new approach for determining the activation

energy of amorphous alloys is developed. Setting the second

order differential coefficient of heterogeneous reaction rate

equation of non-isothermal heating as zero at extreme points

of DSC curve, we obtain the new correlation taking form:

c1 ¼ Lambertw c3e�c2ð Þ þ c2

where c1, c2 and c3 are symbols comprising parameters, and

Lambertw(…) is the Lambert W function symbol. Through

this function, the activation energy can be calculated with

DSC test at single heating rate without the isoconversion

assumption. To evaluate the feasibility of calculating the

activation energy with the new method, the glass transition

activation energy of as-cast Pd40Ni40P20 amorphous alloy

is measured. The value is 1.6 eV, which agrees well with

the result of viscosity measurements. Thus, it is a good

possibility that the new approach can be used to determine

the activation energy of amorphous phase.

Keywords Activation energy � Bulk amorphous alloys �
Lambert W function � Structure relaxation

Introduction

The structure relaxation of materials is caused by variation

of the structure defects concentration [1, 2]. Atoms trans-

port and rearrangement in that course, which need an

amount of activation energy to span the thermodynamic

potential barriers that influences the structure relaxation

kinetics significantly. Thus, evaluating the activation

energy is important work to study structure relaxation,

which has led to a series of calculating methods over the

past decades. The main methods include the Freeman–

Carroll and Ellerstein methods [3], the Achar–Brindley–

Sharp method [4], the Chatterjee method [5], the temper-

ature criterion method [6], the non-parametric kinetics

method [7, 8] and the isoconversion methods [9–19].

Generally, the fore five out of seven methods have been

proven to be unreliable, especially for complicated solid-

state reactions [20–23], the last out of seven methods may

be the most popular way for detecting effective activation

energy [24]. Isoconversional methods require the deter-

mination of the temperatures at which an equivalent stage

of the reaction for various heating rates.

They can be classified into two types. Type A includes

differential methods that make no mathematical approxi-

mations. Type B methods make use of various approxima-

tions of the temperature integral so that their accuracy is

dependent on the accuracy of the approximation [17, 24, 25].

In previous studies, Isoconversion methods have been

used widely to determine the activation energies of amor-

phous phases, especially for metallic glasses [26–28].

However, there is no a priori reason to believe that these

methods are also applicable to the glass transition in metallic

glasses [29]. To clear that point, Ruiteinberg [29] and Sol-

iman [30] have derived the Kissinger Equation by integrat-

ing the DSC signal formula [31, 32] and the defects reaction

rate equation [1, 2, 31] which is believed to describe the

glass transition phenomenon correctly. Ruiteinberg sug-

gested that Kissinger method could be applied to the glass

transition peak in amorphous metals. Furthermore, Soliman

believed that the Kissinger plot is valid throughout the whole

glass transition temperature range. However, Ruitenberg

and Soliman had introduced many simplifications to achieve
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the Kissinger equation without giving clear scientific rea-

sons, which led to their conclusions being doubtful. Thus, it

is interesting to investigate what can be attained if no sim-

plification was proposed, which has been done in this paper.

The maximum rate equation during amorphous metals’

structure relaxation is transformed into a Lambert W func-

tion. According to the new equation, the structure relaxation

activation energy at DSC trace extreme points can be gained

precisely through a numerical approach.

Theoretical background

The theoretical background used here can be also found in

Ref. [29] and Ref. [30]. Structural defects were defined as

local deviations from the ideal order [1]. Its concentration

c has relation to the reduced free volume x [1, 2, 31] as

below [33]

c ¼ exp �1=xð Þ ð1Þ

In equilibrium, the defect concentration depends on

temperature T through ce ¼ exp �B= T � T0ð Þ½ � [33], where

xe : (T - T0)/B is the equilibrium reduced free volume;

T0 and B are constants of unit K. Note that when T � T0, Ce

has the mathematical form of a Boltzmann fraction, with

kBB(where kB is the Boltzmann constant) as the activation

energy for the formation of the structural defects [29]. When

the defect concentration is not in equilibrium, it will

approach the equilibrium value. In that case, the rate of

change of the defect concentration equals to [31, 34]

dc=dt ¼ �kc c� ceð Þ ð2Þ

The rate constant k has an Arrhenius temperature depen-

dence k ¼ k0 exp �E=ðkBTÞ½ �, where E is the activation

energy for the migration of the structural defects and k0 is a

constant of unit per second.

In DSC test, the variation of chemical order as well as

that of free volume contribute to the signal [29, 31, 32],

which can be described as:

dH=dt ¼ adx=dt þ bdw=dt: ð3Þ

Here, H is the internal free energy related to structure. w
represents the chemical order of the processes. a and b are

constants. Sietsma and van den Beukel have concluded that

the basic features of the glass transition observed in DSC

can be associated mainly with the changes of the free

volume, so the chemical order term in Eq. 3 can be

neglected [31, 32].

Mathematical treatment

Substituting with Eq. 1, Eq. 2 can be rewritten into the

following form.

dx=dt ¼ �kx2 c� ceð Þ: ð4Þ

When the sample was heated at a constant rate u, the

temperature could be expressed as T = ut ? Ti. Ti is the

initial temperature, which is often room temperature.

Substituting t with T in Eq. 4 gives

dx=dT ¼ �kx2 c� ceð Þ
�
u ð5Þ

At the extreme points of the DSC trace,such as the onset

temperature and the peak temperature of glass transition

[35], the relation below is satisfied

d2x
�

dt2 ¼ 0 ð6Þ

or

d2x
�

dT2 ¼ u�2d2x
�

dt2 ¼ 0 ð7Þ

First, it is assumed that the activation energy is

independent on temperature, so the differential coefficient

of Eq. 5 with respect to temperature could be obtained.

d2x
�

dT2 ¼ �
�

Ex2 c� ceð Þ
�

kBT2 � Bcex2
.

T � T0ð Þ2

þ 2x c� ceð Þ þ c½ �dx=dT
�

k
.

u ð8Þ

Thus, when Eq. 5 is substituted into Eq. 8 and set to zero,

we have

E= kBTð Þ � BTce T � T0ð Þ�2 c� ceð Þ�1

¼ k0T 2x c� ceð Þ þ c½ �e�E= kBTð Þ
.

u: ð9Þ

Then, if we define

E= kBTð Þ � c1 ð10aÞ

BTce T � T0ð Þ�2ðc� ceÞ�1 � c2 ð10bÞ
k0T 2x c� ceð Þ þ c½ �=u � c3 ð10cÞ

Eq. 9 can be revised as follows:

c1 � c2ð Þeðc1�c2Þ ¼ c3e�c2 ð11Þ

which is Lambert W function [36].

In mathematics, Lambert’s W function, named after

Johann Heinrich Lambert, also called the Omega function,

is the inverse function of y = w � ew for complex num-

bers w; Since y is not injective, w is multivalued (except

at 0). Fortunately, the function has single real solution for

y C 0 [36]. In Eq. 11, c3e-c2 composes the y term above,

it’s sign is determined only by c3 for that f(z) = ez is

positive forever. Because excessive free volume annihi-

lates until that glass transition occurs when the sample is

heated, x is larger than xe, which make term c - ce in

Eq. 10c is positive. Furtherly, c3 is positive according to

Eq. 10c, so the solution of Eq. 11 is single real, and the

c1 in Eq. 11 can be expressed as follow by Lambertw

symbol
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c1 ¼ Lambertw c3e�c2ð Þ þ c2 ð12Þ

which can be calculated through Matlab7.0 software

directly using the lambertw(X) syntax when c2 and c3 are

known. Consequently, the glass transition activation energy

could be obtained from Eq. 12.

In order to investigate the relationship between the glass

transition activation energy and the state of the sample, a

parameter of g is introduced as the ratio of x to xe.

g ¼ x=xe ð13Þ

g represents the extent that sample approaches equilibrium

state at a certain temperature for two reasons. First, the

annihilation and production of defects during structure

relaxation should end when x reaches xe, because equilib-

rium is considered as a stable state or metastable state.

Second, the actual thermally activated transformation

processes of alloys cannot fully reach the state of

equilibrium.

Glass transition activation energy of Pd40Ni40P20

Structure relaxation of Pd40Ni40P20 amorphous alloy in as-

quenched state has been investigated. The parameters B, T0

and k0 are shown in Table 1 [2]. Table 2 shows the glass

transition temperatures and corresponding heating rates,

these data were got from the DSC tests [35].

Based on the data in Tables 1 and 2, the glass transition

activation energy of Pd40Ni40P20 alloy in a quenched state

is plotted versus parameter g in Fig. 1, where g is larger

than 1.0, for excessive free volume annihilates until that

glass transition occurs when the sample is heated.

Obviously, E is influenced by g. Figure 1 indicates that

the glass transition energy of the quenched Pd40Ni40P20

amorphous alloy decreases to its minimum, and then

increases to infinite when x approaches xe, which means

the relaxation cannot fully reach the state of equilibrium.

At different heating rates, the activation energy traces in

Fig. 1 differ little from each other and are minimally at the

same ratio of reduced free volume, 1.0621, where the glass

transition activation energies for the five heating rates are

1.5936, 1.6043, 1.6126, 1.6109 and 1.6126 eV, respec-

tively. It has been mentioned in the introduction that

assumption of equivalent fraction transformed (also called

fixed or identical stage) which may be defined as the stage

at which a fixed amount is transformed, or at which a fixed

fraction of the total amount is transformed for various

heating rates [17], was applied in isoconversion methods.

However, in some cases, the equivalent stage assumption

may not hold and this introduces deviations in the mea-

sured activation energies [9, 17, 25]. Here, the result shows

that the ratio of reduced free volume is fixed. The glass

transition temperatures are different for various heating

rates, the equilibrium reduced free volumes also differ each

other, so the reduced free volumes of glass transition are

different for various heating rates.

As thermally activated reactions, the atoms’ colliding

and rearranging during structure relaxation cause that the

free volume annihilates and produces [37, 38], which bears

an analogy to usual chemical reactions in which the reac-

tant molecules collide, rearrange and then come to product

molecules. This analogy is also shown from that structure

relaxation and chemical reactions bear similar kinetic rate

equation. Therefore, it would be reasonable to assume that

the kinetic properties during structure relaxation in amor-

phous metals obey the theories of chemical reactions. Thus,

the structure relaxation would process along the reaction

path of minimum activation energy.

Table 1 Parameters for calculating glass transition peak activation

energy of Pd40Ni40P20 [2]

Parameters Values Units

B 6,600 K

T0 355 K

k0 3.4 9 1025 Hz

Table 2 Glass transition temperatures and corresponding heating

rates determined in DSC experiments of as-cast Pd40Ni40P20 alloy

[35]

u (Ks-1) Tg (K)

0.059 563

0.201 570

0.374 574

0.698 577

1.442 581
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Fig. 1 Glass transition activation energy of as-cast Pd40Ni40P20

amorphous alloy versus the ratio of reduced free volume. u denotes

the heating rate and Tg is glass transition temperature
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According to Fig. 1, the glass transition activation energy

of Pd40Ni40P20 amorphous alloy in as-quenched state is

1.6 eV, which is close to the result in Ref. [2] where the glass

transition activation energy of as-cast Pd40Ni40P20 amor-

phous alloy was fitted through viscosity measurements in the

glass transition zone and the value is 1.7 eV. The difference,

0.1 eV, may come from that the latter is the average of the

activation energy during structure relaxation.

The glass transition activation energy of Pd40Ni40P20

amorphous alloy in as-quenched state also be calculated using

the Kissinger method, FWO method and Starink II method

according to the data shown in Table 2. The results are listed

comparing with the results obtained through the new method

and through viscosity measurements, see Table 3.

Shown in Table 3, the glass transition activation ener-

gies evaluated with the Kissinger method [16], FWO

method [39] and Starink II [17] are higher than that cal-

culated with the new method and with viscosity measure-

ments. As is well known in conversion methods like

the Kissinger method suppose that a constant amount

transformed fraction was achieved at the characteristic

temperatures when the material was heated at different

rates. However, the amount transformed always varies at

different heating rates, which would inevitably introduce

errors. Moreover, Tuinstra [31] has pointed out the

Kissinger analysis cannot be used to calculate the activa-

tion energy of the non-first-order rate process like that of

the Pd40Ni40P20 amorphous alloy. However, the viscosity

measurement method has been widely used to study the

structure relaxation of materials, and the result gained from

viscosity measurement should be more credible. Thus,

the glass transition activation energy of the quenched

Pd40Ni40P20 amorphous alloy processed with Lambert W

function in this paper is reasonable.

Parameter sensitivity analysis

The parameters B, k0 and T0 used in the calculation above

were obtained from the viscosity measurements of as-cast

Table 3 Activation energy

calculated with different

methods for as cast Pd40Ni40P20

amorphous alloy

Methods Activation energy (eV) Formula

New 1.6 c1 ¼ Lambertw c3e�c2ð Þ þ c2

Viscosity measurements 1.7 –

Kissinger 4.9 [16] ln u
.

T2
g

� �
¼ �E

�
KBTg

� �
þ C

Flynn–Wall–Ozawa 4.7 [39] ln u ¼ �1:0516E
�

KBTg

� �
þ C

Starink II 4.8 [17] ln u
.

T1:92
g

� �
¼ �1:008E

�
KBTg

� �
þ C

Table 4 The glass transition activation energy of as-cast Pd40Ni40P20 amorphous alloy calculated under different values of the parameters B,

T0 and k0

Parameters E (ev) g

B (K) T0 (K) k0 (Hz) u = 0.059 K/s, u = 0.201 K/s, u = 0.374 K/s, u = 0.698 K/s, u = 1.442 K/s,

Tg = 563 K Tg = 570 K Tg = 574 K Tg = 577 K Tg = 581 K

6600 355 3.4 9 1025 1.5936 1.6043 1.6126 1.6109 1.6126 1.0621

6700 355 3.4 9 1025 1.5716 1.5827 1.5913 1.5897 1.5916 1.0621

6500 355 3.4 9 1025 1.6157 1.6259 1.6341 1.6321 1.6336 1.0621

6400 355 3.4 9 1025 1.6387 1.6488 1.6555 1.6533 1.6546 1.0621

6300 355 3.4 9 1025 1.6600 1.6693 1.6769 1.6746 1.6756 1.0621

6800 355 3.4 9 1025 1.5495 1.5611 1.5699 1.5685 1.5707 1.0621

6600 200 3.4 9 1025 2.2006 2.1869 2.1821 2.1706 2.1599 1.0501

6600 250 3.4 9 1025 2.0700 2.0601 2.0574 2.0475 2.0388 1.0541

6600 300 3.4 9 1025 1.8902 1.8868 1.8877 1.8804 1.8751 1.0581

6600 400 3.4 9 1025 1.2058 1.2403 1.2611 1.2684 1.2816 1.0661

6600 450 3.4 9 1025 0.4491 0.5430 0.5948 0.6244 0.6654 1.0782

6600 355 2.5 9 1025 1.5796 1.5901 1.5983 1.5965 1.5981 1.0621

6600 355 3.0 9 1025 1.5879 1.5985 1.6068 1.6050 1.6067 1.0621

6600 355 4.0 9 1025 1.6011 1.6118 1.6202 1.6185 1.6202 1.0621

6600 355 4.5 9 1025 1.6065 1.6173 1.6257 1.6240 1.6258 1.0621

6600 355 5.0 9 1025 1.6113 1.6222 1.6306 1.6289 1.6308 1.0621
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Pd40Ni40P20 amorphous alloy in the glass transition zone,

so the error may generate inevitably, which have been

shown in Ref. [2]. On the other hand, because the viscosity

measurements are quite tedious, it is necessary to develop

some convenient methods to evaluate the parameters,

however, convenience may decrease the precision of

the parameters. Thus, the effect of the precision of the

parameters B, k0 and T0 on the results calculated with the

Eq. 12 should be explored. To achieve this aim, the glass

transition activation energy of as-cast Pd40Ni40P20 amor-

phous alloy was calculated under different values of

the parameters above, the results were listed in Table 4.

The results obtained under B = 6600 K, T0 = 355 K,

k0 = 3.4 9 1025Hz also be listed in it.

It is indicated that the variation of the parameters cannot

change the glass transition activation energy largely, and

the ratio of reduced free volume corresponding to the glass

transition shifted tinily. In statistics, the sensitivity of a

model F = f (x1, x2, x3… xn) to the parameter xi in the

neighbourhood of a reference sample can be described

quantitatively with the sensitivity coefficient Si, which is

defined as the absolute value of the slope of the relative

variation of the activation energy with respect to the rela-

tive variation of the parameters [40].

Si ¼
d dF=Fsð Þ
d dxi=xs

ið Þ

����

���� ð14Þ

where Fs and xi
s compose the reference sample,

Fs ¼ f xs
1; x

s
2; x

s
3. . .xs

i . . .xs
n

� �
. According to Table 4, the

sensitivity plots of the relative variation of the activation

energy to the relative variation of the parameters are fig-

ured (Fig. 2). We can see that the relative variation of the

activation energy is related linearly to the relative variation

both of B and k0, but to the relative variation of T0 that

relation is not strict hold. Fitting the data gets the absolute

values of the slope of them are 0.8759, 0.0271 and 1.3588,

respectively, thus, the method is sensitive most to the

parameter T0, and not sensitive to k0, which means that the

parameter T0 should be determined more strictly.

In this analysis, the changes of the parameters are very

large, which occurs barely in actual measurements or

evaluation. Even under large changes, the variation of the

activation energy is small enough to avoid intrinsic mis-

takes, so we can believe that errors in determination of the

parameters is concessional at large extent.

Conclusions

The new approach with the Lambert W function to calculate

the structure relaxation activation energy at the glass tran-

sition points on DSC trace was derived. Based on this

method, the glass transition activation energy of the

Pd40Ni40P20 amorphous alloy in as-quenched state was

evaluated and the result agreed well with that obtained

through viscosity measurements. Thus, there is a good pos-

sibility that the new approach is an applicable and simple

method to estimate structure relaxation activation energy.

We can employ it when the necessary parameters are known.

In this paper, the parameters are fitted from viscosity mea-

surements. A simpler route should be investigated in future.
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Appendix

The M-file of Matlab 7.0 for calculating the activation energy in this paper

B=6600; %Define the basic parameters

T0=355;

k=3.4*10^25;

kb=1.38*10^(23);

h=linespace(1,2,500); %Define the argument g as h and its zone for calculation

fi=0.059; %Define the heating rate u as fi and assign it’s value

Tg=563; %Define the temperature of glass transition Tg and assign it’s value

xe=(Tg-T0)/B; %Calculating the equilibrium reduced free volume

for i=1:500 %The loop for calculating the glass transition activation energy E of the

first DSC test

e=exp((1-1/h(i))/xe);

r2=Tg/(Tg-T0)/xe/(e-1); %Calculating c2

r3=xe*exp(-1/xe)*k*Tg/fi*(2*h(i)*(e-1)?e); %Calculating c3

r=r3*exp(-r2);

E1(i)=(lambertw(r)?r2)*kb*Tg/1.6*10^19; %Calculating E and change the unit into eV

end

fi=0.201; %The loop for calculating the glass transition activation energy E
of the second DSC test

Tg=570;

xe=(Tg-T0)/B;

for i=1:500

e=exp((1-1/h(i))/xe);

r2=Tg/(Tg-T0)/xe/(e-1);

r3=xe*exp(-1/xe)*k*Tg/fi*(2*h(i)*(e-1)?e);

r=r3*exp(-r2);

E2(i)=(lambertw(r)?r2)*kb*Tg/1.6*10^19;

end

fi=0.374; %The loop for calculating the glass transition activation energy E
of the third DSC test

Tg=574;

xe=(Tg-T0)/B;

for i=1:500

e=exp((1-1/h(i))/xe);

r2=Tg/(Tg-T0)/xe/(e-1);

r3=xe*exp(-1/xe)*k*Tg/fi*(2*h(i)*(e-1)?e);

r=r3*exp(-r2);

E3(i)=(lambertw(r)?r2)*kb*Tg/1.6*10^19;

end

fi=0.698; %The loop for calculating the glass transition activation energy E
of the fourth DSC test

Tg=577;

xe=(Tg-T0)/B;

for i=1:500

e=exp((1-1/h(i))/xe);

r2=Tg/(Tg-T0)/xe/(e-1);

r3=xe*exp(-1/xe)*k*Tg/fi*(2*h(i)*(e-1)?e);

r=r3*exp(-r2);

E4(i)=(lambertw(r)?r2)*kb*Tg/1.6*10^19;

end
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